1 Sphere

One has
d 1 a 1 27 1 2
/—V = —/ rdr/ dcosH/ d¢:—a—2-27r:7ra2,
2T 2 0 -1 0 2 2
29 2 1 1
/CO; dv = % /_1c0529dc089:§7m2,
cos* 6 ra® [t 1,
- = . = — 1
/ 5 av 5 /_1c05 6 dcosf L (1)
or 2 g )
cos“" ma
dv = . 2
/ 2r 2n +1 (2)
Next,
(3cos® 6 — 1)sin® 0 = (3cos?# — 1)(1 — cos? @) = 4cos? § — 3cos* 6 — 1. (3)

Consequently, a correction
P
3 k*r?sin? 6, (4)

for E along the z axis of rotational symmetry and k along the z axis, modifies the dynamic depolarization

term to
2 5cos? 0 — 3 cos? 6

()

2r ’
which results in 2y 1p
5cos” 0 — 3 cos 167 4 4
2 — 22
k / 5 dv = e 3 5% (6)
On the other hand, a correction
P (k-r)? = P k?r?sin® 0 cos? ¢, (7)

which assumes E along the z axis of rotational symmetry and k along the z axis, introduces a correction
to the dynamic depolarization of

4 3 w2 47 22
22 (2 -2 1) =22(120-9—-15) = — — .
Tka (3 z ) 15(O 9—15) T 5 (8)

The factor of 1/2 comes form a fact that

2 2 1 +COS 2¢ 1 27
2 = B —— = = —
/0 cos ¢d¢—/0 5 dp=m 2/0 do. (9)

2 Integration in cartesian coordinates

It is recommended to perform the volume integration in cartesian coordinates. Upon the substitution

T =az’, y = by, z=c?, (10)
the ellipsoid
2 2 22
s+ 5=t (11)

is transformed into a unit sphere,



The corresponding volume elements are related by
dV = abcdV’. (13)
The radius vector square is
P = WP 4 P+ AER (14
For a spheroid with its axis of axial symmetry along the z-axis and with a = b, the volume integra-

tion can be performed over discs in the plane perpendicular to z and finally over z. Using cylindrical
coordinates in the plane perpendicular to z,

7“2 _ a2p2 4 02(2/)2 _ a2[p2 4 (62/a2)(z')2],
1 1 a?
cos?0+1 = (417 = 5 0% + 2] = 5 [0 + 2P /a®) ()]
dV = a*bpdZdpde, (15)

where the volume integral is taken over 2’ € (—1,1), p € (0,4/1 — (2)2), v € (0,27). Therefore, on using
(87),

c0529—|—1dv Card? 1d’ V1= a2p2+2c (2")? pd
r - ma-c % a? 2+02( /) ]3/2 P

VIZE2 p+2(2/a)( )?
47rac/ dz' / 02 + (2 /a2) (2 )2 pdp
o= T
, p*
= 47rac/0 dz (02 + (c2/a2) (' )2] 12 o (16)

On using cosd = z/r and (81) [or (82) for n = 1],

cos? 0 c2(2")?
/ o av 2ma c/ dz/ 22 1 2z /)2]3/2pdp

VIEET (@)
= 27rac/ dz/ [0? +(62/a2)(z’)2]3/2 pdp

= —2nac(?/a z (2')? Ve
_ 2 (c?/ )/0 dz [p2+(02/a2)(z/)2]1/2 =0

(17)

On using (82) for n = 2,

cos? 0 5 ! Vi-(z)? A4
/ av 2ma c/ dz'/ pdp
o ) ) [a2p? + 2(2/2]5/2
1 1-(2")? (Z/)4
4 4 /
eractetfa) [ 7 e o
9 " 1 (Z/)4 ds' p=4/1-(2)2
= ——mac(c*/a - 18
racle' o) [ . (18)

Here we have to differentiate in between prolate and oblate spheroids. In what follows, we define

2 a’
g = m > 0, (19)

for a prolate spheroid, and
2
P = > 1, (20)

a2 _ 2
for a oblate spheroid.



2.1 Prolate spheroid

For a prolate spheroid, the following integral results:

2 1 "2
/Mdv = 47rac/ dz' ()
r 0 / 2172
1
= 47racg/0 1/2 dz’, (21)

Eventually, on using (76), (78),

‘20 1 1 2 2 1 1 2
/%dv:élﬂacg l_@ + (1+ %) ln%\/_k—g (22)
ey , (Z/Q dz' N 1 ;o
/ o AV = —2mac(c®/a?) / o 2/21/2+27rac(c /a )E/o 2 dz
f 1+¢> ¢ 1+/1+g°
= 7 — 2mg(c3/a) @ g_ln%\/-i-—g (23)
COS49 9 . 1 (ZI)4dZI P:\/m
v o= =
/ o 3 mac(c’/a )/0 (% + (c?/a?)(2")?]3/2 p=0
_ 2 s [ (2)*dz’ a®z’
= —gwac(c /a )/0 (W_CT
3 9 9 1 (z’)4dz’
_ 4 4 4/ 4
= g etetfat) ~mace)at) [
2w e 2
= 3 3 a3 0 [1+(Z/)2/92]3/2
Eventually, on using (84),
1
cos* 6 w2 2 71'(:5 z? 39° x 39”
dV — R, 3 R — _7__1 ’ ? 2‘
/ 2r 3 (2 9° +x2+ 2 VgP+a? 2 o Vi Ea? 0
o 2ad 3g9° iln@
3 3 € 2\/g I EN/ S R 9
o 2ne e s wty 1+V9—+
3 3 el 2
wc? (1 92 g* ., 1+e
. - <3 262n1_€) (25)

The definition of g should be contrasted with a conventional eccentricity, which is defined as the ratio
of the difference of the squares of the major and minor semiaxis divided by the square of the major
semiaxis (cf. Eq. (5.33) of [?]):

2 _ 2
c—a
2

1>e2= >0, (26)

cC

and which values are always within the interval (0,1). Note in passing that
1 s, 1—¢?

1+¢% = == 9

(27)

2 _ g2 o2



Therefore, the final result can be recast as

cos?f +1 1 1—¢€? 1+e
—dV = 4 — 1
/ r mcg[ %e ( 22 )nm]
4 1 1—|—e1 1+e
= 4dmac — n
g 26 V1—e2
v —62< 1—|—e 1+e )
= 4mac
\/1—62
V1 —62 ( 1—|—e 1+e)
= dmac———
2e 1—e
1—e?. 1+4e
= 21 (L In
e ( >+ 2e 1—6)
1+e2, 1+e
= 4 2— —1 1
e 262( > nl—e)
3V 1 1_}_1—|—&321 1+e
= — = |- n
2¢ e? 2e 1—e
3V [1+e
= — L 1 28
Y (1_62 - ) (28)
where we have used that
al
1—e2=— =_. 29
Vi-—e : 9= (29)
Analogously,
52 0 Vitg? g2 1+/1+4°
/COb dV = 7c® —2mng(c®/a) Vit9 g + +g
2r 2 2 g
. 1 1—e? 1+e
_ 2 _ 3 —
= 7wc® —2mg(c’/a) <2€ 52 In m)
1 1—e2 1+e
_ 2 3
= TC —27Tg(C /a) <2—€— 4@2 1——@)
2 2
_ 5 TC 1—e 1+e
= 7rc——2<1— 7 lnl—e
1—¢e? 1—€e*1 1+e
2 2
= - =1
e T e B3 21 e
021—62 . 11n1+6
= Tr — —
e3 2 1-—e
= 7TC2L>
2
Ta
In the limiting case of a sphere one then obtains wa?/3 as expected.
On comparing the last formula with the 5th line of the preceding formula,
/dV sl—e? 1+e
— = 7c n
2r i 2e 1—e
1
= 7a®- arctanh e. (31)
e



On inverting the defining equation (??) for L., one can also use
2

1 e
—arctanhe = ——+ L, + 1. 32
- arctanh e 1 3 + (32)

Eventually, on applying the relations (27)
/ cos* 0 7c? 7w ( 1 1—e?2 1-—¢2

1+e
av — - 1
2r 3 e 36+ e3 2et nl—e)

wc>  we? mc? 1 —e? 1. 1+e
— —— 4+ ————|—-e+=In

3 3e? ez e3 2 1—e
> 1—e?

= _ L —

e? [> 3 ]

_ ma? [L_> _ l} (33)

e?2 |1—e2 3

Since . o
Ly ~=— ¢ 34
ST (34)
for e < 1, in the limiting case of a sphere one then obtains wa?/5 as expected.

Consequently,

2
e
- —

Dy = 5mc’Ls 3Ly +e*—1]

2 L> B 7Ta2 [
1—e?2 (1—e?)e?

3V 5e? — 3 1
- Z{((l—eQ)e)2 L>+e_2}’ (35)

= 5ma 3Ls 4 ¢e* —1]

where we have used that ma? = 3V/4c.
For a comparison, the corresponding geometrical factor of a prolate spheroid would be (cf. Eq. (5.33)

of [7])
abc [ dq 1—¢€? 1 1+e
L,=Ls=— = -1+ =1 , 36
=5 g (et )
where
fla) = (g + a*) (g +6°)(qg + )]/ (37)
On using the limiting expressions
1+e? 1+4e ) A
-1+ 5 lnl_e ~ e“/3+e*/5 (e — 0) (38)
e 1+e e
-1 = — [In(1 —In(1 —
s (1) = 0o -mi-o)
0 2041 _— .
= elggﬂ_'_lwe +e*/34+¢€°/5 (e = 0) (39)
one finds in the limit e — 0
2 2 2 2
g [eos®B4+1  kV3 [(l+e % 2 5
k/ o dv = ) 1—e2L>+1 — 1—|—5e , (40)
and
1—e 4 2 2 2 1 2 5
Ly ~ = (e/3—|—e/5)~(1—e)(1/3+e/5):1/3—(1/3—1/5)6:g 1—36 . (41)



2.1.1 Perpendicular polarization

Upon denoting

L [eosthl A W ()
R R R e
fes0l ) @ ()
b =[S e [

in the case of electric field applied perpendicular to the axis of axial symmetry, where obviously
L,=1L,,

one has on using the formulas (77) and (74),

_ LoV +(c?/a®)(z")?
Ly+Ly+L, = 167rac/0 dz/o S +(02/a2)( )]3/2pdp

1 V1=(2)? pdp
S 167rac/ !
7 (@A

d
0

! 1—(=)?
= 167“‘6/ dz! [P2+(62/a2)(2')2]1/2‘;/—
0

1
= 167rac/ dz'{[1+(z’)2/g2]1/2—§z'}
0
1 1 2 144/1+g?
67Tac{ 1+g2—|—%ln&}
g g

= —8mac® +

2

1 2
= —8rac? —|— {\/1—|—g +¢*In %}

Now
1+g% 1 B
g  Vi-e a
1++/1+42 V1 — e? 1+e al 1+e
In = In =——1In
g e Ji—e c2 1l—e
Therefore,
1 1
Lo+L,+L, = —8mac® + 8rac® + 8wa® — In te
2 1—e
wa>
= arctanh e.
e
On using

arctanh z ~ z + 23/3 + 2° /5 + O(27),
Ly+Ly+ L, ~8ra® [1+¢e*/3+¢€"/5+0(z7)]
On using the formulas (81), (85)

V1-(2")2 2
L.+L, = 47rac/ dz/ 3p° +2(c*/a?) (')’ rhodp

[0? + (c?/a?) ()22



892 + 4(c2/a?) ()2

4
7TCLC/ dz' T (/)G

[ B -8R
srac | dz{ c2/a2> e el '}
(2/a?) - 3)(=')?

1
3+1[4
47Tac/0 dz’{g all G

2 2
4dmac { (— — 3) %} g In

2.2 Oblate spheroid

For an oblate spheroid, the following integral results:

/

Eventually, on using (94),

2 1 2
/%d‘/z%’acy [(1—%

Similarly,

/

cos
2r

20

cos?60+1

and, eventually, on using (91),

/

On the other hand,

/

cos* @
2r

dv

cos? 6

2r

—gwac A /at 1
ot /a) || g
2 v

—gw(c5/a3)/0 dz {—[1_(2/2 5
—éwg3(c5/a3)/0 dz’[

ye

3

e
3

e
3

2

2

2

) ]1/2

av =
r

= 7c® —2mng(c®/a)

dV = nc® — 2mg(

¢’/a) [—

VI

3/a/dz =

1

p=y/1-(2)?

p=0

_4E|Z/|}
C

1+\/1+92+<4_c2_3)g 1+g*
g a?

2

1 21
)arcsin——kgi .
g

1

g 1

(Z/)4 dz’

e
o

o lg?

2

5 +

- g ad) {

+1wg<5/a>{

2/a2)()2]3/?

(=)

)29

1‘3

(z

13/2 =
/)4

39

1
5 +27702/ 2 dZ
0

dz,

g 1
— arcsin — | .
2

p=v/1-(=')2

a® /03);/}

2
1

9> —x

2

2

3g°

T 392 x
arcsin —
2 _ 1‘2 g

V2 -1

IRV

1
+ 3¢* arcsin — }
g

1

0

(53)

(54)



where we have applied the identity (93) in the final step.

g should be contrasted with a conventional eccentricity e that is defined in the present case by:

V1 —62>

3 .
+ — arcsine
e2

2 2
- 1
12622& QC:—2>O’ E:\/]_—GQ’
a g a
and
V1 —e?
Vgr—1=
e
Therefore,
29 V1 —e? 1
cos Vv = mc® - 27T627e —— arcsine —
2r e 2e2 2e
2 /1 _ 02
= m?— % <7e arcsine — 1 + ¢2
e e
= 7 L.
= 7ma*(1—-e*L.,
/cos49dv B 7T_C2+7T_62(1—62)3/2 e 3
2r 3 3 e3 VI—e? eyl —e2
B 7702+7702 1—¢€? 1 3 +3\/1—62 arcsine
-3 3 e? e? e3
= me’ 21_62 1-— 1—e arcsine
T 32 e el e
2 2
me s 1l—e
= 32 e e
1—¢€?
= mad’ 32 [1-3(1—¢*)L]
Consequently,
7 2 2 1—¢? 2
Dy = ma“{5(1—e*)Lc— = [1-3(1—¢€”)L<]
21— e’ 2 2
= ma—— [5e’Lo —1+3(1 —€”)L]
3V 1-—é? 9
= I 62 [(26 + 3)L< — 1] s

where we have used that ma? = 3V/4c.

2 1/e2) -1
/*COS 9+1dV = dmac [(1—%) arcsine—ki( ) ]

r € 2

arcsine +

4rac

1 / 2
= 27 — <1 Ve arcsine +
e

V1 —e? 1 V1 —e?
2e2 e
1=
e

€ .
——arcsine
V1 —e?

€ .
arcsine
V1 —e?

(57)

(58)



arcsin e)

5 1—¢e? V1 —e? . e .
= 2ma* —— | 1— arcsine + N arcsine
—e

®

3V1—62< V1 —e? . e . )
= — 5 1-— arcsine + arcsin e
2c e e —e2
/1 _ 02
= % [(1 —eH Lo+ p ¢ arcsine]
3V
= % [1 + (1 — 62)L< — 62L<]
3V
= 5 [(1-2e*)Lc+1], (60)
and
/ﬂ = LCQ arcsine
2r  eyI—e2
A2
= 7a? 1-e arcsine (61)
e
where we have used that )
1— 62 = E (62)
and
1 V1 —e?
L. = = <1 - ¢ arcsine) . (63)
Note in passing that
1 2e? 1 2¢?
and one finds in the limit e — 0
2 2 2
o [cos”0+1 k°V3 B Vo2,
k/ 5 — AV =— 4[(1 2¢*)Lc +1] — (1-5¢) (65)

Note that in an oblate spheroid case the spheroid eccentricity as defined by Landau and Lifshitz [?]
is in the range 0 < e < oo, whereas that as defined Bohren and Huffman [?], and used by a majority
of other authors, has values within a finite range 0 < e < 1, which is the same range as in the prolate
spheroid case. Then the shape of the oblate spheroid ranges from a disk (e = 1) to a sphere (e = 0); that
of the prolate spheroid ranges from a needle (e = 1) to a sphere (e = 0).

2.2.1 Perpendicular polarization

One has on using the formulas (77), (75)
VI-GE)?

0

1/2 = s

167rac/ "N?/9%) az}

— sre +167TCLC {\/g -1 g? i 1}
g

Lo+ Ly+L. = 16me/ a2’ [ + (c/a®) ('] /2|

5 + 7 arcsin



8 1
= —8mc 4 % {\/ g% — 1+ g* arcsin —} .
g

g
Now
21
VI = @A) -1=V1-e =1,
g a
1 1 :
g arcsin— = — arcsine.
g e
Therefore,
8
Ly+L,+L, = —87c? + 87w + rac arcsin e
e
8mac . s V1—e? .
= arcsine = 8ma arcsin e.
e
On using (69),
1, 3 .
. ~ - 25 O 7
arcsin z z—|—62 +4OZ +0(z")
V1-—e? 1 9—-15-10
< arcsine ~ (1—Z2/2—Z4/8)(1+62/6—|—364/40)N1——62+g64
e 3 120
1 2
N L2 24
3° 15

1 3
L,+L,+ L, ~ 8rac |:1+662+Ee4+0(66):|

1 2
Ly + Ly, + L, ~8ra® [1— —62——64—1—0(66)]
Since a — ¢ as e — 0, irrespective if spheroid is prolate or oblate,

Ly + Ly + L, — 8ra® (e = 0).

3 Summary of elementary quadrature formulas

1 2
/\/a2+x2dx = -z a2+x2+a—ln‘x+\/a2+x2‘,

2 2

1 2
/\/aQ—xde = §x\/a2—x2+%arcsin|x—|
a

d
| G = v
rdx s
Va2 + a2 - @t +a,

2 2
x°dx _ zva? +a* 1n‘x+ a2+x2‘
Va2 + 22 2 2 ¥

14 /242 [
x2+x2 - a4—|—x (x3—;a2x)—l—%a‘lln‘x—i—\/aQ—i—xQ‘
Va2 +z

/ dx _ T
@122~ a2Jeia

10



/ x dx _ 1 (81)
@1 2p2 ©  Jaiao

/ xdx _ 1 1 (82)
(a2 + z2)n+1/2 (2n—1) (a2 + 22)n—1/2’
2% dx
_ /a2 2
[ = g e (83)
/ z* dx _ z3 B 3&/ 2% dx
(a2 4 x2)3/2 - QW 9 (a2 4 x2)3/2
z3 3a® T 3a®
= 7+—7——1n}a:+ a2+a:2‘ 84
NET AR v (84)
23 dx 22 + 2a?
‘ _ 85
/@ﬁ+ﬂyﬂ Vot =
e VR = 2m - 1)(2 =3).(2m =2k 4 1) o o k1
e om 2 “D(m-2)...(m—k)
+H(=1D)ma? " ( 1n }x +va?+ a:Q‘ (86)

The integrals (81), (85) imply

2a° +x x?
/ @ vy NS VE e a
The formulas can be easily verified by differentiation.
Here (74), (75) are given as (1.2.41.8), (1.2.46.8) by [?].
The integrals (76), (77), (78), (79), (80), (81), (83), (85), (86), which are given as (1.2.43.13),
(1.2.43.14), (1.2.43.15), (1.2.43.6) (for m = 2), (1.2.43.17-20), and (1.2.43.6), respectively, by [?], are
related by the recurrence

/ ™ dx B am1 (m—1) / ™ 2 dx (8)
(22 £a2)n /2 (m —2n)(z2 £ a2)n—1/2 T —om (22 £ a2)nt+1/2
which is given as (1.2.43.3) by [?].

x x
——— = —iln ’zx +Va? - x2’ = arcsin —, (89)
Va2 — z? |al
d
—— = Ve (90)
22 dw Va2 — a2 a? . T
\/ﬁ = —f + 7 arcsmm (91)
22 dw x x
/ (0% = 22)72 = — arcsin — al (92)
/ 4 dw _ 3 n 3&/ 2dx
(a2 —22)32 wWa—z2 2 (a2 — 22)3/2
= —L + S—CLQL - 3_a2 arcsin — (93)
2va? — 22 2 Va?—a? 2 |a|
The integrals (89), (91), which are given as (1.2.48.12) and (1.2.48.14) by [?], imply
1 2 2 2
1-2z a 1 a* —1
A mdiﬁ: (1— 7) arcsmm—i—T. (94)
V1—22~1—2%/2-2/84+0(2% (95)

11



4 Elliptic coordinates

The volume integration in the elliptic coordinates turns out to be much more involved than in the cartesian
coordinates.

Let a and b be principal major and minor spheroid semiaxis. Then the most common definition of
prolate spheroidal coordinates (u, 0, @) is

= ¢ sinh p sinf cosy
= ¢ sinhp siné sinp

z = qcoshpu cosf. (96)
The constant ¢ (eccentrity) is determined from the relations
b
a? —bv? = ¢, — = tanh p. (97)
a
An infinitesimal volume element:
dV = ¢® sinhp sin@(sinh? g + sin? 0) du df dg
= ¢*(cos? 0 — cosh? p) d[cosh p] d[cos 6] de, (98)
where it is reminded here that
cosh? ;i —sinh? p = 1, cosh’ p = sinh p, sinh’ y = cosh p. (99)
One has
r? =2 + 4% 4 2% = ¢*(sinh® psin? @ + cosh? prcos? 0) = ¢*(sinh? ju + cos® ). (100)
Meier and Wokaun [?] terms in prolate spheroidal coordinates (u, 8, ¢) are
av 3cos?f —1
— (3cos?0—1) = cos? 0 — cosh? 1) d[cosh p1] d[cos 0] d
713 ( ) (Sinh2M+COSQ 9)3/2 ( /.L) [ /.L] [ ] ¥
k2 (qk)? cos?0 +1

— (cos®0 +1)dV (cos? @ — cosh? p) d[cosh p] d[cos 0] dp.  (101)

2r

2 (sinh? p 4 cos2 §)1/2
Let us focus on the product
P = (cos?6+ 1) sinhp sin @(sinh? p + sin® 0) dp df dep
= —(cos?f+ 1) (sinh? p + 1 — cos? 8) sinh p d d d[cos ]
= - [sinh2 p(cos? @+ 1) +1 — cos? 6] sinh pu dy dip d[cos 6]
= —[1+ sinh? o + sinh? p cos? 6 — cos® 0] sinh p dy dep d[cos 6] (102)

Therefore, the required integrals to perform the volume integral of the 2nd Meier and Wokaun [?]

term are
! dx | \/sinh2,u—|—1—|—1_1 coshp +1

Iy, = = =1In = =1In ,
—1 +/sinh” p + 22 v/sinh® p+1—1 coshp — 1
! 2% dx sinh? i . coshp +1
I, = ———— =coshp - n ,
—1 y/sinh” p + 22 2 coshp —1
L cosh? ji — 1 | coshp+1
= coshyu— n
K 2 coshp — 1’
' ‘d h 3 hy+ 1
Iy = - =55 M(2—35inh2,u)+—sinh4,ulnw
~1 /sinh® ju + 22 4 8 coshp —1

h
= COS4 K (5 —3cosh® ) + g (cosh? —1)2y In

coshp+1
coshpy —1’

(103)
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and

k‘2
/ o (cos?0+1)dV = n(qk)? Io(1 + sinh? p) + sinh? p I, — I,] sinhpdp

2

(ak) / [
= 7(qk)? / [T cosh? ju + (cosh? jp — 1) I — I] dcoshp
7(qk) / [—Io — I + cosh? pu(Iy + )] dcosh p. (104)

The integration range is here u € (0, (b/a)).

References

13



